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T1 EINAI MAOHMATIKA (;)
‘OpLopévol (PANOTOowoL) HEAETNTEC OpLTOLY T MOONUATLK WC

TNV ETTLOTAUN TTOL EVOLXPEPETAL KOKL XOXOAEITHL YLK TAV GVXKAALYN

KXTTOLXC GANOELXC,

TNV ETTLOTAPN TOV TIPOTOTIWV TTOLU XVTAVOKAK OOHEC KL OXETELC TAC

(PUOLKAC TTPXYHUXTLKOTNTXC,

EVOV KOOHO TTPOTXOEWV K&L dLXOLKXOLIV TTOL ¢popodV TTOTOTNTEC, MEYEDN

KXL HOPWEC, KKOWC KL TLC HETXEDL TOVC OXETELC,

EVX TTOLXVIOL XWpLC VONUX, TTOU KXO0dNYEITKL XTTO HEPLKOVC KXVOVEC TOLC

oTrolouvg B€Touv ol (dLoL ol TTKIKTEC.
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ApLoToTéEANG: 'ETTLOTAUN NMAXTWV: MXONUATLKEC ETTLOTAMEC:

XOXOAOLUEVN TTEPL TOUC ApLOunTkn, MewpeTpla, ACTpOVOULX
XpLOPOLC KL TKC

ETTLOEXOUEVOC HETPNOLV APLOTOTEANG: PUOLKEC ETTLOTAHEC:
TTOCOTNTAC, N HXONUOTLKA ‘OTTTLIKN, APHOVLKN, ACTPOVOULX

T MOONPOTIKX KXTX TOUC 3 TEAEUTXLOUC XLOOVEC TTEPLEAXPBOV KL TH AOYLKN).

L. E. J. Brouwer (1881 - 1966): T&X HXONUATIKX OEV EEXPTAVTAL XTTO TN
AoyLkn, &vTiOeTax A Aoylkn GKOAOULOET T MXONPKTLKE.

AnAadn, AOYLKR €lVOL i) HEXONUATLKR SLaTOTTIWOoN ToD Adyou.

David Hilbert (1862 -1943): Tx oTolxela TOV MaxONUATIKOV TIPOKOTITOUV ME
TN AOYLKN ETTEEEPYXTLX DEDOPEVWV EVVOLOV, OTTOU EPAPUOTOVTOL KKVOVEC.

‘H AoyLkR elvail &Trapai{TnTn YL TH Bepeiwon TOV MaxBnpaTLkGV.
ANAGON MaONUATIKE €LVAL i AOYLKR dLaxelpnan évwoliv Kol 1dev.

SUPTTEPROUX:
T MoONpaTIKX KL A AOYLKR D&V UTTOPETKV VX OPLOOLV TOV EXUTO TOUC!
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R. Courant and H. Robbins, What is Mathematics? Oxford University Press,
1941.

MoONUOTIKX OEV ELVOL TLTTOTE TTEPLOCOTEPO KTTO VX CUOTNUX
CUHTTEPXOUETWY TTOU TIPOKOTITOUV XTTO OPLOPOUC KXl XELWHARTN TK OTTOLX

TIPETTEL VX OLUUPWVODV HETRED TOULC.

R. Hersh, What is Mathematics, Really? Oxford Univ. Press, New York, 1997.

dLAoooPLlxX TOV MXONUXTLKOV

TL elvoil TX MaBNUATIKE;

TU K&VEL TX MOXONPOXTIKX DLXPOPETIKX XTTO TLC KANEC ETTLOTAHEC;
MLaTl T MXONUATIKE ETTLTUYXXVOLV OXEOOV KXOOALKN OLVOLVEDN;

KX.
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Hersh: Tl k&vel T MXONPATLKE dLXQPOPETLKE XTTO TLC XANEC ETTLOTRAHEC TTOU

XPNOLUOTTOLOOV TX POKONUATIKK.

BpaxBeto NoutreA dvoikiic 1963 (quanta): “H
TEPXOTLX XPNOLUOTNTX TV HXONPATLKOV OTLC
PUOLKEC ETTLOTAMEC ELVAL KXTL TIOD GUVOPEVEL pE
TO HUOTNPLIOEC KAL OEV DTTAPXEL KATTOLK
AOYLKN €ENYNON YLK XUTAV.

Ao @ilotl A kol B ouvavtnOnkav
HETK KXTTO XPOVLK K&l MIAODOOV YLK
™ Cwn Touc.

‘O A NéeL OTL €yLve KowvwvioAdyoc
KoL O B BLOAOYOC KOl TWPX HEAET
TN CUMTTEPLPOPX TIANOLOUDV
HEALOT V.

‘O B £€d¢el€e TNV Epyaoia Tov OTOV
(PLAO TOU K&l XpXLOE V& TOD £ENYEL
TX dLXWPOps COPPOAX TX OTTOLK
XPNOLUOTIOLEL OTAV KXTAKVOUN TOD
Gauss:

(X — x)*
20

1
f(xX) = ———exp I—-
oVZT

B: N peTpnoelc Tod tdlov
HeyéEOoug, To o (TUTTLKN XTTOKALON)
kaxOoplCel TO eDPOC TAC KATKXVOUNC
TOD TTANOLVOPOD KAL AXPBAVETXL WC
HETPO TPAAUKTOC, VI TO X €lVAL R
HEan TLUN.

A: Kl TO TT TL ELVOL;

B: ElvaL TO TinA{Kko TAC TTepLpépeLaC

ToD KOKAOUL TIPOC TH OLKMETPO TOU.

A: Kol TL oxéon €Xouv ol HEALOTEC
UE TNV TTEPLPEPELX TOD KOKAOU;

B: Koxppio!
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TxpfALXog (250 p.X.-325
H.X): MoxOnpoTikol KaxAoDvTaL ol
TOV TTEPLTTOTEPOV K&L TIPOC
aKkpLBeLOV DLXTTETTOVNHEVOV TRC
ETTLOTAMNC AOYOV
EKMEPHOXONKOTEC.

(MxOnpoTikol ovopxCovrol
xXUTOL Ol OTTOoloL £XOLV HXOEL
KOXAX TOV TTEPLOCOTEPO
ETMECEPYNOHEVO KXL TTPOC
(xvx¥RTnon TAG) XKpipeLxg
ETTLOTNHOVLKO AOYO.

FewTTOVOCG > Ymapyxouv TTpoBaTa oTNV KXAXPATX.
dLOLKOC P “YTTXpXOoUuV Kol paxdpax TTpORaTa 0TNV KOAKUGT.

MoBnpomikoe > YTépxouy mpdBata oty Kahaudra rod A pio

TOUAKXXLOTOV TTAEUPX TOUC ELVOL PXUPN.
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i TI1 EINAI AMOAEI=H ()
ATTO0ELEN elval

M 1 dxdwoaoia TTov &koAouBodpe YL V& TTelooupE OTL TO BEWPNUX HOC
elvail owoTo, (EDKAELDNC),

A 6 Aoykdc GuANOYLOpOC pE THV Apxn THc Tod TpiTou ATokAeioewcg OTL

TO CUUTTEPXOUX LOXVEL XpOoD TO XVTIOETO TOUL dev LoxLeL. (APLOTOTEANC)

A A Aoykn GANAOLXI HOONPATIKWOV OXETEWY PE TPOTTO TTOL VX

TTPOKOTITEL TO ovuTTEpaTHX, (Russel, Hilbert, ka&.),

‘H apxaxloTeEPN DOTNPN YPAXTITA

‘H &X1rodet€n dev elval HOVO TO XTTOOELEN DEWPNUATOC ELVAL O
TEALKO TTPOLOV, GAAX E€lVXL N 1dLX N OTTOAOYLOMOC TOD eUPxd0D TOD
dLxdLkXolx TTOL 0dNnyel OTO UNVLOKOUL &XTTO TOV ITTITTOKPG&TN TOV

OUUTTEP RO, Xto. (= 480 1.X.)
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MpETTEL | HEONUATLKN XTTOOELEN VX UTTOPEL V& ETTXANOEVTET;

Mpétrel vax yiveTol 9ektn A Xxpnon Computer yux TV XTTOdELEN HOXONUXTLKOD
BewpnuaToC;

282.589.933 _ 1 6 peyorAOTEPOC TIPWTOC XpLOpOC pe 24.862.048 Ynplo.
(Laroche (2019) YIMOAOI=MOZ ME COMPUTER)

TOo TIPOBANPX TV TECOXPWV XPWHXTWYV (Guthrie 1852).
[Appel and Haken (1976), Robertson, Sanders, Seymour, and Thomas (1997),
Gonthier (2005)] e Theorem-proving software: AY>H ME COMPUTER)

Paul Halmos: AUON K&T €KTLHNON, HE HXVTELO. ZKOTTOC DEV ELVAL N
OLUOOTWPELON YVWOEWV, XAAK N TIXPXYWYN YVWTEWV. Kavévac dev
HXOxiVEL TUITOTE KTTO YLK TETOLX ADOH, EKTOC XTTO TOV OXEDLXOTN

XXPTWV.
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https://en.wikipedia.org/wiki/Georges_Gonthier
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STH UKONUATIKR XTTOBELEN O TUANOYLOHOC TIPETTEL VX £LVAL AOYLKOC KL TO
OUHTTEPKOUNK OXPEC.

[TPOBAHMA

“YTrpxouv appnToL GplBuol a kal 3 TEToloL WOTE 0 &PLOPOE o V&
ELVOIL PNTOC;
"Av 0 aplBpoc  2Y’ elval pnTOC, N AVON ElVaL a=vV2 Kol B=V2 .

~

y 3 O - — ol - ’ ¢ ’ £ - fe V2
Av 0 &plBuoc @=V2 glval &ppnToc, TOTE N ADON elval @ = V2
KoL 8=+v2 a@ol LoXLEL

ATTOOELEN XWPLC OUYKEKPLUEVO TIXPROELYUX !

70 MpoPAnux Tod Hilbert (1900) . —— — —
Eav a kol 3 gtvat cAyefpikol axplOpot pe
ATT00€LEN: Gelfonf kat @ duxpopo Tod 0 kal 1 kol 3 &ppnTO, TOTE

Schneider (1934) (&veS&pTnTa). O &POUOC o elva OTTEPRATLKOC.
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AlIAIZOHZH

‘H ikavoTnNTX TOD TIVEOPATOC TTPOC XUECTOV KL KVEV AOYLKAC YVWOEWC, N

EVOPOOLC, N €€ EVOTLKTOL &XvTIANWLC. (Ag€tko AHMHTPAKOQY)
MAGTWV: ‘H pxONpXTLKN YVWOT XTTIOKTXTKL HEOTW THC duxtoBnong, TTov
HOC ETTLTPETTEL TRV TIPOOPAON OTN TPAIPK TV XPNPNHEVWYV EVVOLIDV.

‘H SLxioOnon elvort TO oTOLXELD TTOU OOAYNTE OTH dNULoLPYLa TV MABNUATIKGOV.

AIAIZOHTIKH AMNMOAEI=H

DTTOKXOLOT& THV XxLOTNPN XTTOdELEN, GAMX €LVOL ENALTTAC.

TT.X.
AV TTGPOUVHE EVX OpLO OANOKANPWHATOC XWPLE VX XPNOLUOTTIOL|OOVHE TO
Oewpnua Tod Lebesgue, avayvwplCToupe OTL DTTEPXEL HLXX ETTLPOAGEN KL
Evax Kevo, AéyovTac BTL TO ETTIXE(PNUX ELVAL SLXLTONTLKO.
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MaOnuaTk Kol dlxtodnon

TX HXONPATIKX OO0 €(XOXV TOV POAO V& TOKTOTTOLO0V ME ML
HEYOADUTEPN O&KpLBELXX OOUTO TIOL TTEPLMEVOULHUE VX LOXVEL XTTO THV
Eumrelplol poig Kkt TH dwxioBnon pog, d&v nTav ot Béon v
XTTOKTACOLV TRV KXOTOVOMULX TOUC, KXL VX XV&dELEOLV TNV LTTEPOXHN TTOU

TX XXPXKTNPLCEL ONUEPX.

>TN HETETTELTK TTOPELX, OPHWC, XTTEDELEXV OTL DTTEPEXOLV EVXVTL TRC

dLxioOnonc.

‘H OTrEpoxn TWV MaxONpaTKAOV XpXLTel VX PXLVETOL, OXL OTXV KOTX
XPNOLHEDOLV YLK TRV ETTANOeLVON TAC dLaxiaBnonc GAAX, Kuplwc, OTAV

£PXOVTOL 0 OUYKpPOLON HE xXOTA.

KapTéoloc: ‘H dlaiobnon slval i €kTn oioBnon kol ol xigdnTnpLokec

\ >/

AVTIAAWELC ElVOL CUVABWC WeLdKLOOATELC. ME EAAX AOYLX BEV PTTOPODUE

TTAVTOTE VX EUTILOTEVOUKOE TX HATLX HOC.
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OX TTKPOVOLXOOVHE DEKX TIXPXOELYUXTX, OTTOU (PRLVETXL

N UTTEPOXN TWV MXONPXTIKOV EvavTl THC dtxtodbnonc,
XAAX KXL TAC TTPOXELPNC RTTOWNC.

Oswpobpe d00 TPLYWVX:
1 TO Tplywvo X pE PNKN TIAELpV 4.99, 2, 6 PETPX KOl
TO Tplywvo ¥ pe pnkn mAevp®v 7, 3, 9.87 peTpo

K&Be TTAELPX TOD TPLYWVOU X ELVAL PLKPOTEPN

XTTO TNV XVTLOTOLXN TIAELPK TOD TpLywvou VY.

EpwTnon: Molo 1o Ta 00 TpLlywva EXEL HEYOAUTEPO EPRAOOV;

ES N dLaxloBnon 0dnyel oTnv XTro@oon OTL TO Tplywvo ¥, TToL €XEL
HEYOXAUTEPEC TIAELPEC PLX TTPOC Pl OE OXEON ME EKELVEC TOD TPLYWVOUL X,
(POXLVETXL OTL “TTEPLEXEL” TO TPLYWVO X, KOXL ETOL HXAAOV TO V¥ £XEL

HEYOXAVTEPO EUPROOV.
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Totrog TOD "Hpwve, Yy
TOV DTTOAOYLOHO TOD
EUPxd0oD TpLywvou.

‘O "Hpwv 0 AAe&avdpeuc (300-230 m.X.)
"EAANVOC HAONUATIKOG KAl UNXAVLIKOG

(ATHOOTPOBIAOG)
v? =~? — (BA)?
2 _ 2 2 — 21 (0 BA)Y — 124 02— 90, 2 _ 24?90 BA 'Eav n yovia B eival
B = v*+(Al')* = v°*+(a—BA)* = v*+a"—20. BA+(BA)* = o*+7°—2a L T e 1)
1 elval +
= (BA) = (o’ ++" - 8%’

— ¥ = 72—$(a2+72—52)2 = é(aﬂ?ﬂ) (a+y—8)(B+a—y)(B—a+y) = éf(f —a)(T = B)(T—")

OTTOUL T = %(a+ﬂ + 7). = Eapr = %a.v = \/T(T —a)(t = B)(T =)

Thursday, April 18,2019
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‘O T0TTOC TOD “"Hpwva
Olvel

EpBodov (X)=4.68 T.p.
KoL

EpBodov (¥)=3.64 T.p.

Thursday, April 18,2019
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5 EpwTnon: MeTa&L TV TPLYWVWYV PE PNKN TIAEVLPDV XVTLOTOLXX, 5,
5,8 K&U5, 5,6, TTOLO £XEL HEYOXADTEPO EPUBAROOV;

Kol TTXAL, Xwplc Xp@LBOALX, N dLaxloOnon 0dnyel oTnV XTTOPARON OTL TO
TTPATO TPLYWVO EXEL EPPROOV HEYRAVTEPO XTTO £KELVO TOD DELTEPOV.

‘QoTo00, T dV0 Tplywva £Xxouv (oo epBxdOV!
Mp&XYHOTL, LOXVEL OTL, &V & < B < Y elval HLax NMuBayopelax TpL&dax, dNAxdN &v
o’ +B2=y?,

TOTE TX TPLYWVX PE PAKN TIAELPAV Y, Y, 20 KLY, Y, 2B, EXxouv (00 EUBaOOV.

>TO TIXPATIAVW
TTRXPXOELYHK EXOUME =4
Kol B=3, evi 1 TpL&OX

3, 4,5 elvail TTUOAYOPELX.
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‘O Mubaxyopac YvwpLCe OTL Ol TPLXOEC

kZ -1 k%241
2 2

elVOL TTLOB YO pELEC YL KKOE (TTEPLTTO) XPLOUO K, KKL PO (o0 EPPAOOV

£XOLV T OV0 TPLYWVX HE HAKN TTAELPLIV

k2 +1 k%+1 o1 k?+1 k%*+1

Thursday, April 18,2019
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E

BA+AE+EZ+Z=BA + Al

BN +N=+=0 +..+ YQ + Q= BA + Al'

Elval TO @Opolopa TV pnKov 000
TIAELPOIV EVOC TPLYWVOUL (0O PE TO
MAKOG TRG TPLTNG;

r

Thursday, April 18,2019
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MHKOY =

4
~— U MHKOY. AIAMETPOY = 7(;)
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Yu(t) = (dn(t), ¥n(t)), t € la,B], n€N

B
() = / V(@87 + (¥i(s))%ds, n €N

1(t) = (6(2),¥(t)), t €[, f], neN

3
uly) = / V@@)?+ @ ()ds, neN

?) lim(gbn, "/jn) \ (¢’ 'l;b) (?) —> lim ,U*('Yn) — “(’7)

Lebesque (1875-1941)

Thursday, April 18,2019
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A, B, C: LOOTTAELPO TPpLYWVO.

"ETTLAEYOUE TUXOV ONUELO 2 EVTOC
TOoD TPLYWVOU. C

>TN CUVEXELK plxVvoupEe Evax TEpL KAl
oplCoupe TO onpelo 21 WC £EAC:

"Av TO CTapL del&el 1 ) 2, TOTE TO 21
slvaL TO péoov Tod e0BLYp&UMOU
TUAM&TOC ZA.

"Av TO TapL del&el 3 } 4, TOTE TO 21 |
slvaiL TO péoov Tod e0BLYp&UpOU
TUAU&TOC 2B.

"Av TO CTapL del&el 5 R 6, TOTE TO 21 .‘
£lVaiL TO péoov Tod €00UYPEUHOU A
TunpaTog 2C.

e Lol

Epwtnon: ‘H elkdva TToL O TTpoKUWEL O ELVOL XKXOTLKA;

Thursday, April 18,2019
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Metax &m0 100 plpelg Tob
Coplod, KKTEYPAPNOKYV T

XKOAOLOX oNpeElx 21,...,2100

MeTax &T110 400 plpelc Tod CopLod
KXTEYPXPNOOAV T XKOAOLOX ONpEl

21,...,2100,...,2400.

Thursday, April 18,2019
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Metax &1ro 30 000 plypelc
KXTEYPXPNOXV TX ONHUELX
21,...,230,...,2100,...,2400,
..,230 000, OTTWC OTO OXAMK:

ToDTo TrpooeyyilCel TO
Aeyopevo oOvoAo fractal Tou
Sierpinski:

Ad .e:':e..
Ab  Ab
AL

. ' .6:'6

Thursday, April 18,2019
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‘O x0OTNPA HXONPATLKOC OpLOpOC TOoD TpLtywvou Tob Sierpinski (1882 -

1969) elval 0 €ENC, O OTTOLOC OWELNETL OTOV Barnsley.

T Yy 2c+1 y+1
Fl(xty) g (2 2) FZ(IE,y) :=( 4 ) 2 )

z+1
Fs(z,y) 3=( > ’%) PL,P2,P3: PL=P2=P3= 3

(l'n—r-layn—i-l) = E(xrzayrz)> n=01,---, (:EO:yO) = (1a 1)

.V'V. .V'V. V. .V..VYV.

Fi(z,y) := (0.85z + 0.04y + 0.075, —0.04z + 0.85y + 0.18)

dOANO PTEPNC

Fy(z,y) := (0.2z — 0.6y + 0.4, 0.23z + 0.22y + 0.045)
Fi(z,y) := (—=0.15z + 0.28y + 0.575, 0.26z + 0.02y — 0.086)
Fi(z,y) := (0.5, 0.16y)

P1,P2,P3,P4 - P1 .= 077 D2 = 0.12, D3 = 010 P4 = 0.01

(xn-r-layn.-{—l) — E.(-’Enayn)a n = Oa ]-a Tt (:EanO) — (13 1)
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EPQTHZH: “YTT&pXeL XWPpOC TTIETTEPROPEVNC DLXOTROEWC TOD OTTOLOU O

HovadLXToC KOBOC UTTOPET V& XWpPEDTEL pLx p&Bdo pnkovg 100 p.;

‘H dLaxlaBnon AéeL OTL HEAAOV eV DTTIXPXEL TETOLOC X POC.

XD PpoC dLXOTXOEWC 2: 0<z;<1, 0<z,<1

ATTIO0TAON d00 ATTEVAVTL KOPLPEV TETPRYWVOUL Pé TIAELPX 1 p.= +/2 p.

XD PpoC dLXOTXOEWC 3: 0<z;<1, 0<2<1, 0<23<1
ATTO0TOON dV0 ATTEVAVTL KOPLWOV KOBOUL pé TIAELPX 1 p.= /3 p.

XNpocC dLKoTXOEWC N: 0<z:<1, 0<2:<1,---,0<2, <1

ATTO0TAON dV0 ATTEVAVTL KOPLPWV N-dLXOTETOU KOBOUL pPE TIAELPX 1 p.= +/n .

"Apx 100<+/n toxVeL yux k&Be n>10 000.

Thursday, April 18,2019
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MNQOC HETABAANETL O OYKOC THC TPALPAC HE XKTIVX I OTAV 1 dLEOTHRON

/
TOD XWPOU XVEXVEL;
n 21&-&-17[.71 w
— 7['_ 2n Vn* r) = TZ'n-.‘-].
VZn(T) — n!T 2 l( ) (2’” y ” 1)"

00 =1, =1, d=1-2---4, ill = (i —2)!i

4 1 2 8 ‘ 1 3 6
‘/3(7') — §7I'T3 ‘/4(7') — 57[’ 7'4 ‘/5(7') - Bﬂ'z'rs %(7‘) = 67!' T

& XOLXOTHTN poPWN:
Vi(1) < Va(1) < V(1) < Va(1) < Vs(1)

V(1) > V(1) > V(1) > - > V(1) > V(1) > - -
lim V,(r)=0!

r——=0C

Thursday, April 18,2019
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B
- BO Ayotdpog,

AO Meooxdbetog

Elvail OAX T& TpLlywva

LOOOKEAR;

To Bépa elvait OTL

ol d0o €0B¢elec A A r

TIPETIEL VR A(AEO) = A(T'Z0) = <OAE= <OIZ

To0 TpLYWvouv!
Pty —~  <EAA = <ZPA
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ElvoL OAX TX

TPLYWVO LOOOKENN;

To BEpx elvail OTL TO
onpelo E TTpETTel VK
KELTOL OTNV ETTEKTRON

TAC TTAELP&C BA!

B
BO Ayotdpog
AO Meooxr@Betog
Z
A
@)

A(BEO) = A(BZO) = (BE)= (BZ)
A(AEO) = A('ZO) = (EA) = (2ZI)

=  (BA) = (BI)
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- Naouvykpivere 8, T eldare H
-~ gl
—
//
gl
T
—
/q///
ESHIHZTE TI SYMBAINEI ME TA AYO ...TPIFQNA gkarako@ O™
uoL.gr.
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